The result announced in the title is proved. A new proof of the total 6-colorability of any multigraph with maximum degree 4 is also given.
and for each multigraph G with maximum degree A, z2(G) ~< L 1.5A J.
Thus, the main result of the present paper announced in its title completes the total coloring analogue (2) of Shannon Theorem on edge coloring and proves the validity of Vizing-Behzad conjecture for one more value of A. Note that the result of this paper was proved in [9] but was not published because of size of the proof. The present proof is sufficiently shorter (though not quite short).
The paper structure is as follows. After introducing in Section 2 definitions and notation, in Section 3 a new proof of the following known result is given. Finally, in Section 6 the general case is reduced to that described by Theorem 2.
Notation
For any multigraph G, let V(G) (respectively, E(G)) denote the set of vertices (respectively, edges) of G. All the elements of the set V(G)u E(G) are called elements of G. For W c_ V(G) (respectively, F ~_ E(G)), by G(W) (respectively, G(F)) is denoted the subgraph of G induced by W (respectively, spanned by F). As usual, for multigraphs G and H, the multigraph R=GnH (respectively, Q=GuH) has
V(R) = v(a)n V(H) and E(R)= E(G)nE(H) (respectively, V(Q)= V(G)u V(H) and E(Q) = E(G)uE(H)).
Although, for v, w • V(G), there can be several edges of G connecting v with w we will still use expression (v, w). It will mean 'some edge connecting v with w'. In particular, the record H = Gw {(v, w)} means that H is obtained from G by adding an additional edge connecting v with w. For A Proof. By assumption every component of Gi = G(V,.), i = 1,2 is a path or a 2-cycle.
1/1, V2 ~-V (G), 1/1 n I/2 = O, v • V (G), let EG(V1,
V2
coloring of a multigraph G with k colors is an arbitrary mapping f:E(G)uV(G)-*{1,...,k}. If f(a) is not defined for several elements a • V(G)uE(G), we say that fis a partial coloring ofG. A proper (total) coloring of a multigraph G by k colors is a coloring such that for any two adjacent or incident elements a,b E E(G)u V(G), f(a) ¢f(b)
Replace each such a path Pj by an edge pj connecting its ends, and each such a cycle (Xk, Yk) by a loop lk at the vertex Xk. Due to Lemma 1 (3), the resulting multigraph G' is connected and therefore eulerian. Let L' = (e'l, e~ ..... e~) be an eulerian trail of G'. Replacing in L' every edge pj not belonging to G back by the path Pj, and each loop lk by the cycle (Xk, Yk), we obtain an eulerian trail L = (el, e2 ..... e,) of G on which the edges of each Pj and each (Xk, Yk) lie in consecutive order. As Petersen [13] 
(C is a path and (v, w) is its first edge) =~ {v, w} c Wl.
Case 1. There is an edge e = (v, w) e E(C) with {v, w} c Wi. If {v, w} = V(C), then since C is not a 2-cycle, we simply color e with ~ e { 1, 2, 3} \ { f(v), f(w)}. Otherwise, because of (5), (6) and the symmetry of v and w we may suppose that there are vertices x e W2,y e Wi, z e V(C) with (w,x)e E(C), (x,y)e E(C), (y,z)e E(C). Let, for definiteness, f(v) = 1, f(w) = 2. We ought to put f ((v, w) Thus, z e W2. Then again by (5) and (6) there are vertices p e W'l, q e V(C) with (z, p) e E(C), (p, q) e E(C). We deal with them like we did with y and z, since f((y, z)) has to be 1. We proceed in this manner until either we meet two adjacent vertices in W1, and then use the conditions (b) and (4), or we meet a vertex r e W1 with f(r) = 1 and deal with r as we did with y. 
Since for each v ~ V1 there is at most one vertex w such that v and w satisfy (7), we added to Ha some matching. But H~ is a forest (up to 2-cycles which do not affect vertex coloring). Hence,/tl is strictly 3-degenerate (i.e. every subgraph has a vertex of degree less than 3) and so 3-colorable. Fix any 3-coloring for H1 with colors l, 2 and 3. The edges added to H1 provide for the cycles in F1 of length at least three the conditions of Lemma 3 and hence a proper 3-coloring of their edges. But if (x, y) is a 2-cycle in F~, then, by (4), [{x, y} c~ V~] ~< 1 and we have two free colors in { 1, 2, 3} to color the edges of this 2-cycle. Thus, the edges in F~ are colored.
We deal analogously with the vertices in V2 and the edges in Fz. []
Analogues of Lemmas 1 and 2
Throughout this Section, G is a 5-regular multigraph having a perfect matching, and n is some such matching. If we find a cut [1/1, 1/2] of G possessing the properties (1)-(3) of Lemma 1 then we would color the edges in n by color 7, and the rest of G -as in the proof of Theorem 1. But we can only use the following weaker statement. Let H be a component of G \ 7r. If the total number of bad paths and odd bad cycles in H is odd then we mark one of these paths or cycles. Thus, (i) the total number of non-marked bad paths and odd bad cycles in each component of Gkrc is even;
(ii) the total number of marked paths and cycles in each component of GkTr is at most one.
The analogue of Lemma 2 is the following statement. Proof. We will construct a partition (F1, F2, F3 ) of edges in each component H of G ",. 7r
non-marked bad odd cycles and of those O-bad 4-cycles C = (vl,v2, v3, v4)~-Gi, i ~ {1,2} for which there exist x,y e V(G)k V(C) such that Fi ~-{(x, vl),(x, v3),(y, v2),(y, v4)};
and then just take the union of them. Probably, ~ will be changed, but the vertex-sets of components of G\g will not be changed and Lemma 4 (1)- (3) will hold all the time.
So, let H be a component of G\~, H + := Hc~(GI uG2), H-:= H\E(H+), and let II(H)~ denote the set of quadruples (vl, v,~,v3,v4)~-Ec~V(H), ie {1,2} such that (Vl, V4.), (V2, V3) (~ 7"C and @1, v2), (V 3 , V4) ff E(H).
Let Wt .... , W~ be all quadruples in F/(H)I ~F/(H)2, and W~+~, ..., W,, be the vertex-sets of components of H+\ ~)}= 1 Wj. We start from constructing an auxiliary multigraph (probably with one loop) H,, as follows. Due to (8) and (a) above, after this step we will keep (8) and Lemma 5(7) will be fulfilled. Due to (8) and (b) above, after this step we will still keep (8) and Lemma 5(8) will be fulfilled. After all steps have been made, statement (1) of Lemma 5 follows from the fact that we kept equality (8) obtained in Procedure 1 on every step. Since any component of (G (VOuG(V2) )c~H is contained in some H(W,), it is easy to check Lemma 5(2) on each step. Statement (3) of Lemma 5 holds because F3 changed only in cases (4), (8) and (9) . Now Lemma 5(4) and (5) follow from (8) and Procedure 1 (4). The validity of (6), (7) and (8) 
. /)t), t/> 3, and (vl,xz)e Fi then put Fi:=F,w{(v2s-l, v2s)[l <.j<~t/2}, F3_,:=F3_,w{(v21, v21+l)[l <.j<(t-
The coloring will be made in 6 stages. First we list them. 
u2t+ 1) ~ G(F3)nG3-i, f(ei(vl)) :/: f(ei(v3)); (3) for each bad path P = (vl,v2,v3,v4) c_ G(Fa)c~G3_I, f(ei(vO) ¢: f(ei(v3)); (4) for each 4-cycle C = (Vl,1)2, V3,U4) C= G(F3)c-.,G3_i, f(ei(vl)) 4:f(ei(v3)), f(ei(v2)) ¢:f(ei(v4)).
Stage 3. For each odd cycle C = (v l, ..., v2t +1) C:: G(F3)c~ Gi, color properly V(C) and edges (v3, v4), (v5, v6), ..., (v2t+ 1, vl ) with colors 3i -2, 3i -1 and 3i with recoloring the set {ei(vj)l j = 1 .... ,2t + 1}.
Stage 4. For each bad path P = (vbv2,va,v4) c_ G(F3)r~GI, color properly V(P)
and edge (v3,v4) with colors 3i-2, 3i-1 and 3i with recoloring the set {e,(vj)l j = 1, 2, 3, 4}. 3(3 -i)-2, 3(3 -i)-1 and 3(3 -i) .
Stage 5. For each odd cycle C = (vl ..... v2,+ 1) g G(F3) c~ Gi and for each bad path P=(vl,Vz,V3,v4)~_G(F3)c~Gi, color properly uncolored edges with colors
Stage 6. Color the vertices and the edges of 4-cycles in G(F3). Stage 1 is trivial. The work on other stages will be described for i = 1; for i = 2 it is symmetrical.
The most complicated stage is Stage 2. It needs two auxiliary multigraphs, Ra and Sx. First put RI := G(F1). By Lemma 5 (1) and (2) Case 2. C is a 1-bad 4-cycle, (vl, v4) ~ n. If (Vl, v2, v3, v4 ) is marked bad path in H then by Lemma 5 (7), (vl, v2), (v3, v4) e F2 and we have dega, (vl)/> 3 for the same reasons as in Case 1. And if (vl, v2, v3,v4) is non-marked then, by definition, V(C) ~_ V3, a contradiction to (11) . Suppose to the contrary that x2 is the result of shrinking some zl and z2 which lay before on some bad cycle or path in G(F3)c~ G2. Then at least one of them, say z2, has degree 2 in Gakn. By Lemma 4(3), z2 should not be adjacent in Gkn to vertices of C, but either vl or v3 is adjacent to z2 in F1. Consequently, x2 e 1/2. Analogously, Y2 e V:.
Then V(C) ~_ V3, a contradiction to (11) . Thus, all vertices in VlkV3 are colored and, due to the construction of S1, the resulting coloring is (R1, W1)-good. Applying Lemma 3 finishes this stage. After this stage has been completed for i = 1,2, go to Stage 3.
Let C = (Vx, ... ,v2t+l) be an odd cycle in G(F3)c~G1. Forj = 1 .... ,2t + 1, denote by e'l(vj) the edge in E(R1) adjacent to el(vj) (if such edge exists). Now, Step j, j = 1 .... , t is as follows (assuming v2t+2 = vl). 
Step t choose f(v2)e {1, 2, 3} \{ f(vl), f(v3)}. Note that after recoloring the edges el (v~-) the inequalities (2)-(4) of Stage 2 still hold, since we obtain a proper edge coloring of R1. We do this for each odd cycle in G(F3)c~ Ga, then for each odd cycle in G(F3)c~G2 and go to Stage 4.
Let P = (vt, v2, v3, v4 ) be a bad path in G(F3) c~ Ga. Choose f(vl) in {1, 2, 3} distinct from the colors of the edges in F~ incident with Vl. Then choose f(v4)
After fulfillment of the described procedure for each bad path in G(F3) go to Stage 5.
Let P = (Vl, v2, v3, v4) be a bad path in G(F3)c~ G1. Because of (3) of Stage 2, it is possible to choose f((vl, Vz)) and f ((v2,v3) ) from {4, 5,6}\{f(e2(v2) e2(v3) ). Now, all vertices and edges of P are colored.
Let C= (vl .... ,vzt+l) be an odd cycle in G(Fz)c~G1. Because of (2) of Stage 2, it is possible to choose f ((vl,vz) ),f ((v2,v3) ) with the same properties as it was made for bad paths. Further, for j= 2, 3, ...,t, choose f((v2s, v21+1)) e {4, 5, 6} \ { f(e2(v2j), f(e2(v2j+l))}. Since there were no recolorings, (3) and (4) of Stage 2 still hold. We do this for each bad path and for each bad odd cycle in G(F3) and go to Stage 6.
Let C = (vl, v2, v3, v4) be a 4-cycle in G(F3)c~ Gx, and x, y e V(G)\ V(C) be such that el(v1) = (x, Vl), el(v3) = (x, v3), el(v2) = (y, v2), el(v4) = (y, v4). If x¢ V3 then colors 1, 2 and 3 were not used to color the edges incident with x distinct from el (vl) and el (v3). Ifx e V3 then due to Lemma 5(4) and (5), x is an end of a bad path in G(F3)c~G2 and again colors 1, 2 and 3 were not used to color the edges incident with x distinct from el(v1) and el(v3). That means that recoloring el(v1) and el(v3) with colors 1, 2 and 3 would not affect coloring 'outside' our configuration. The same is true for y and e 2 and e 4.
Because of (4) Stage 2 there arc two possible cases (up to renumbering vertices and/or colors):
In both cases put f ((v4,vO) =f ((v2,y) 
then there exists a proper 7-coloring of G.
Proof. Assume that there exists a 7-coloring f of G satisfying the conditions of the lemma. Letj be the smallest index such that f(vs) =f(ws). For i e {1,2,3}, i #j, let
where indices are taken modulo 3. Consider f' obtained from f by switching in f(G(V2)) the colors f(v~) and ip( j ). By the choice of ~b( j ) and by (12) , f' also satisfies the conditions of our lemma and f(vi) :/:f(wi) for i ~< i ~<j -1. Moreover, because of (12) and (13) From (15), (14) and (c) above we obtain IX[ = [YI = 3. In view of (15) we may assume that
Case 2. There exists ~4~ 0(x0\{~2,o~3}. Because of (b) above and in view of symmetry of x2 and x3, we may assume that e4 Cf(x3).
If there exists /34 e O(yO\{/3z,f(y2)} then renumber colors in f(G(V2)) so that /31 = e3,/3z = el and/34 = cq and put f(el) = ~4, f(e2) = el, f(e3) = e3. By (15) , (16) and the definition of/34, the resulting coloring satisfies the conditions of Lemma 7.
Thus, below we assume O(yl) = {/3z,f(Y2)}. Now suppose that e,~ Cf(x2). Then renumber colors in f(G(V2)) so that/31 = e3,/32 = ~1 and f(Y2) = e4 and again put f(el) = ~4, f(e2) = cq, f(e3) = e3. By (15) , (16) 
